29. 


NOTE ON CONTINUANTS. 
[Messenger of Mathematics, vil. (1879), pp. 187—189.] 


To find the number of terms in the cumulant or continuant (Gj, Gas b Onl 
we may proceed as follows: 


(1) There is the term a,a,43... dn. 


(2) The number of terms of the first order of degradation, that is, 
obtained by leaving out any pair of consecutive elements, is n — 1, say Un, 1. 


(3) The number of terms of the second order of degradation obtained by 
leaving out any two pairs of such, that is, by leaving out the first and second 
and some other pair of those that follow the second, the second and third and 
a pair of those that follow the third, the third and fourth and a pair of those 
that follow the fourth and so on, is 


Un—2,1 + Un—s,1 + Unm, 1 t +++, 
and, consequently, 
(n—3)+(n—4)+ (n—5)+... 


_ (n—2)(u—3) _ 
Se Shiela 


“ =, Say, Un, 2 


(4) The number of the third order of degradation is in like manner 
Un— 2 + Un—s,2 + Un—s2 +--+, 


that is Wy den Ake, 2 T ONRAN Lii eal 


_ (n— 3) (n— 4) (n—5) 
E RERE , 
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® and so in general 
Un, r = Un—a>r—a + Un—s, r—1 + Una, rat ++. 
Moa det sc cts sis gaa 
if Lima 


Hence, the total number is 


(n— aos ~3) , aleak A iraa (n—5) A 


1+(n—1)+ —— 1.2.3 


Verification. In general 
(t sin 0 + cos 6)” — (i sin 0 — cos 6)” 
= 2 cos 0 {(2i sin 0)” + (n — 2) (2i sin 0)"- + Sela h ead (20 sin 0)" +... }, 
for we know that 


cos @ {(2 sin 0)"— — (n — 2) (2 sin 0)"-3 + 


BoB) n= asing sasl 


=(— 1} -1 cos nð, or (—1)?-?) sin nð, according as n is odd or even. 


Hence, putting 
isin 0 + cos 0 = $ +4 y5, 


so that isin 0 — cos 0 = $4 — $ y5, 
2i sin 8 =1, 
and 2 cos 0 = y5, 
r ene eee eee f 


J5 


But because 
(Ar, As, «+. An) = An (Qis Qai ... Ons) + (Ors Ag, ++» Ona); 
if Up is the number of terms in (a,, dy, ... dn), 
Un = Un—1 + Une, 


with the initial conditions 
m=1, m%=1, 


Solving this difference-equation, we shall obtain 


tn = 1g (G HEVD — ($ 4 V5), 


agreeing with the preceding result. 
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Corollary 1. The value of the continuant of the nth order (a, æ, ... x), is 


a” + (n—1) a? + pele p 2#) Rases 


which admits also of the clumsy representation 
[bat g Ve + 4) {Fw — 3 (a? Aa] = f(a? + 4), 
Corollary 2. The value of the pro-continuant of the nth order 


(2 cos 0, 2 cos 0, ... 2 cos 8), 


sin (n+ 1)0 


is $ 
sin 0 


By the pro-continuant is to be understood what a continuant becomes, 
when in its representative determinant, the oblique lines of negative units are 
all changed into positive units so that the matrix has two precisely similar 
bands of units one above and one below the diagonal line and in opposition 


with it. 


Corollary 3. The integral of the partial-difference equation 
Uge+-i, y — Us, y — Ue, y-1 = 0, 
limited by the conditions 


Ug, o= l, Usp, g+ = 9, 


MERA iar, 
“Y TT (e — 2y) My’ 
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